A conventional Fresnel zone plate (FZP) consists of concentric rings with an alternating binary transmission of zero and one. In an azimuthally structured Fresnel zone plate (aFZP), the light transmission of the transparent zones is modulated in the azimuthal direction, too. The resulting structure is of interest for extreme ultraviolet and x-ray imaging, in particular, because of its improved mechanical stability as compared to the simple ring structure of an FZP. Here, we present an analysis of the optical performance of the aFZP based on scalar diffraction theory and show numerical results for the light distribution in the focal plane. These will be complemented by calculations of the optical transfer function.
INTRODUCTION
Focusing and imaging of extreme ultraviolet (EUV) and x-ray radiation (i.e., at wavelengths from approximately 0.1 to 100 nm) has many applications. In the technical sciences, for example, there exists a strong push toward developing lithographic systems at these wavelengths in order to reduce structural sizes further [1] . For life science applications, one is interested in high-resolution x-ray microscopy and spectroscopy [2] . However, for these purposes, the use of conventional refractive lenses is not practical: first, at these wavelengths all materials are strongly absorbing, and, second, the values of the refractive index are very close to 1. Both phenomena are expressed by the complex refractive index, which, at these short wavelengths, can be expressed as n ≈ 1 − δ iβ with δ, β ≪ 1 [3] . Since δ assumes very small values of typically 10 −5 and less, refraction is very weak for x rays. Nonetheless, it has been suggested and demonstrated to use stacks of refractive lenses made of a suitable material, in order to achieve focusing of x-ray radiation [4] .
As an alternative to using refraction, a diffractive implementation is also of interest. Diffractive lenses based on the classical Fresnel zone plate (FZP) have been considered for some time for x-ray applications [5] , used, for example, in a grazing incidence configuration [6] . A conventional FZP consists of alternating opaque and transparent rings; see Fig. 1(a) . When making such a structure with ring widths at the nanoscale, it is important to also consider its thermal and mechanical properties in order to avoid deformation during operation in a lithographic system, for example. Conventional FZPs are difficult to realize in this regard due to their ring structure. Problems may occur due to mechanical and thermal deformations, which may lead to a degradation of the optical performance. Significant progress was made when the "photon sieve" was introduced several years ago [7] . The photon sieve consists of a large number of pinholes in a thin membrane, seemingly randomly distributed; see Fig. 1(b) . This structure is very promising with respect to the problem mentioned, since the transparent areas are not contiguous. This has made possible, for example, the implementation of large photon sieves for astronomical purposes [8] .
An analytical description of the photon sieve is straightforward by using the model of individual far-field diffraction [9] . However, the photon sieve consists of thousands of pinholes, which makes an optimized design and fabrication potentially a rather complex task. Hence, a third FZP-based structure is of interest and was introduced recently by Mitsuishi et al. [10] . Here, again, the structure of a FZP is used. However, the transparent zones are modulated in a binary fashion in the azimuthal direction with the transmission varying between 0 and 1, as shown in Fig. 1(c) . In the following, we will denote this element as "azimuthally structured FZP" (aFZP). It should be added that in the work of both Andersen [8] and Mitsuishi et al. [10] , the aspect of a lightweight implementation played an important role. The interested reader will find interesting arguments regarding fabrication and experimental performance in the references given above.
It is the purpose of this article to present a theory for the focusing behavior of the aFZP. Although the mechanical aspects of the elements are an essential part of the motivation, we will not consider them here since a thorough analysis would be well outside the scope of this article. Rather, we will focus on the optical properties of the elements and analyze the influence of the various optical design parameters. These are the number M of rings (or zones) used and the number K of openings in each ring. We show at the beginning that for small values of M and K the light distribution in the focal plane may exhibit significant blur. From basic optical considerations, it is clear that these occur due to the discrete phase contributions from the different openings in each ring. In order to obtain a very sharp focus, the phases should be as evenly distributed as possible. This will tend to be the case for large values of M and K, in particular, if K increases toward the outer rings. As we will show, a statistical phase may be introduced in the design by adding a random shift in the azimuthal direction for each ring pattern. The random azimuthal phase is the third design parameter.
This article is organized as follows: in Section 2, we present a mathematical model for describing the structure of the element and thereby introduce our notation. In Section 3, we apply well-known results from near-field diffraction to derive an analytical description for the focusing properties of the aFZP. In order to keep the equations manageable for numerical calculations, two simplifications are introduced, and their impact on the results is discussed. In Section 4, several examples for the light distribution obtained in the focal plane of the aFZP are given, showing the influence of the design parameters. In addition, as will be pointed out, the theory of the optical transfer function (OTF) is an appropriate tool to evaluate the performance of the aFZP. OTF calculations will complement the results for the focal spot distribution. Finally, Section 5 contains some concluding remarks.
MATHEMATICAL DESCRIPTION OF THE OBJECT FUNCTION
We start with the conventional FZP. We denote its amplitude transmission by a 1D function gr 0 , where r 0 is the radial coordinate in the object plane. Here, we assume the validity of the paraxial approximation. In this case, a particularly simple mathematical description is obtained since an FZP is periodic in r 1 is the period in r 2 0 . The periodicity in r 2 0 finds its expression also in the wellknown design rule for an FZP according to which in the paraxial case the radius of the mth zone is given as r m m p r 1 . In order to describe the azimuthal modulation of the aFZP, we first consider a single ring. It is shown in a Cartesian coordinate system in Fig. 2(b) and as a function of the azimuthal coordinate ϕ in Fig. 2(c) . We assume that the openings are distributed regularly over the interval 0; 2π. For the mth ring, we describe the ϕ-dependent modulation by the term
K m denotes the number of openings in the mth ring (in the figure: K m 3). ϕ s is the offset of the periodic pattern in the azimuthal coordinate. The complete aFZP consisting of M rings can now be described by the summation over M structured rings: 
Comparison with Eq. (1) shows that for the azimuthally unstructured FZP, w m ϕ 1. We note further that, in general, the aFZP is not separable in r 0 and ϕ unless every ring consists of the same number of openings positioned at the same azimuthal positions, i.e., when K and ϕ s are independent of m. As we will see during the following analysis, one will aim at increasing the number of transparent openings with increasing ring index m in order to obtain a sharp focus. As mentioned above and as will be investigated later, the phase offset ϕ s may be used as a design parameter in order to optimize the performance of the element.
SCALAR DIFFRACTION THEORY FOR THE aFZP
For the theoretical analysis of the focusing behavior of an FZP, we use scalar diffraction theory, in particular, the wellknown results of near-field diffraction in the approximation of the Kirchhoff-Fresnel diffraction integral [11] :
Here, u 0 x 0 ; y 0 is the field in plane z 0; in our analysis it is identical to the transmission function of the object. ux; y; z is the resulting near-field distribution in plane z > 0. In the following, we shall drop the term 1∕λz since we will assume both z and λ to be fixed, so that their product yields a constant. For the given structure, it is convenient to use a formulation in polar coordinates [ Fig. 3(a) ]. The following coordinate transformations apply:
and x r cos θ und y r sin θ:
For the 2D differential the coordinate transformation yields dx 0 dy 0 r 0 dr 0 dϕ. With r 0 dr 0 1∕2dr Here, the order of summation and integration was interchanged. The term denoted as W m r; θ contains the integral over ϕ:
As is known, for a paraxial FZP the periodicity in r 2 0 leads to a discrete set of foci along the z axis. Mathematically, this may be seen a result of McCutchen's theorem [12] , which states that the amplitude along the optical axis (i.e., for r 0) is given as the Fourier transform of the transverse structure. The first focus occurs in plane z f r 2 1 ∕2λ, which is the plane for which we calculate the field distribution [ Fig. 3(b) ].
INTERMEZZO: CONVENTIONAL FZP
To refer to the results later, we apply our theory to the case of a conventional FZP. In that case, w m ϕ 1. The structure of the FZP and the normalized amplitude distribution in the focal plane are shown in Fig. 4(a) . One may use the r 2 0 periodicity of the element for a relatively easy calculation of the field in the focal plane [13] . In this case, the result is, of course, independent of θ, and one obtains For an FZP with radius R M p r 1 , integration over r 2 0 according to Eq. (9) yields the well-known result for the focal plane z f r 2 1 ∕2λ:
In Eqs. (11) and (12), J 0 and J 1 are the zeroth and first Bessel functions, respectively, which describe the focus generated by a conventional FZP.
The performance of a lens (or a complete imaging system, respectively) may be suitably analyzed by using the concept of the OTF that describes the transmission characteristics of the lens or system [11] . It is given as the normalized autocorrelation function of the lens pupil. In our case with the real-valued, binary transmission function g a r 2 0 ; ϕ, we can write
Since a Fourier relationship exists between the OTF and the intensity in the focal plane, the OTF can also be calculated by an inverse Fourier transformation [11] . Here, however, we use Eq. (13), which is particularly convenient to calculate when we represent the transmission function of an FZP in an r 2 0 ; ϕ-coordinate system [ Fig. 4(b) ]. Figures 4(c) and 4(d), respectively, show the normalized amplitude distribution in the focal plane and the corresponding OTF. Note that the OTF exhibits a decrease in the spatial coordinate due to the finite extension of the FZP in r 2 0 . However, it remains constant in ϕ because of the cyclic nature of the azimuthal coordinate.
Before we return to further discussion of the aFZP, we would like to add a few remarks on the scalar approach and the choice of parameters for the subsequent simulations. In all the examples to follow, we use λ 1 μm, f 10; 000 μm. For these values, r 1 ≈ 141 μm. It is easy to show that for a binary FZP, the minimum feature size w min , i.e., the width of the outermost ring, is
The scalar approach is known to be justified as long as w min ≫ λ. The largest value of M that is used in the subsequent calculations is 50, which corresponds to a minimum ring width 
Practical values are considerably larger, which implies that for these applications, the scalar approach is well justified.
A. r 2 0 Integral The first simplification is obtained by performing the r 0 integration over infinitesimal ring widths rather than rings with finite widths. This is possible since the shape of the focal spot is determined by the diameter of the aFZP, not by the width of an individual ring. Mathematically, we treat this situation by expressing the case of infinitesimal rings by reducing the r 
with r 2 m mr 2 1 . As a side remark, we note that no m-dependent weighting factor occurs here. This reflects the fact that the all rings in an FZP have the same area, a feature that we maintain in the case of infinitesimal rings as well. Equation (9) can now be rewritten as 
If we consider the focal plane, where z f r 
In order to estimate the error that is made by using infinitesimal as compared to finite ring widths, we first consider the case of a conventional, i.e., azimuthally unstructured, FZP with w m ϕ 1. In this case, one can use Eq. (11):
We use Eqs. (12) and (18) to compare the results of the calculations using finite and infinitesimal ring widths (Figs. 5-7 ). Figure 5 shows the intensities Ir jur; z f j 2 in the focal plane calculated by both equations. It also shows the difference ΔIr I eq: 12 r − I eq: 1218 r obtained for M 5. The maximum deviation is about 8% (relative to the maximum value). Figure 6 shows the same comparison for M 50. Notice that the maximum error has decreased significantly; it is now approximately 0.8% The maximum error ΔI max is plotted as a function of M in Fig. 7 . We observe a continuous decrease of ΔI max as a function of M. Therefore, we conclude that for large enough values of M it is justified to use the approximation given by Eq. (17) to calculate the focal spot amplitude, since eventually the error becomes negligible.
B. ϕ Integral
We now consider the integral over the azimuthal variable ϕ in Eqs. (10) and (17), respectively. The modulation along the ϕ coordinate is assumed to be binary with transmission values of either 0 or 1. Hence, integration along the azimuthal coordinate is performed over a finite interval Δϕk ϕ u k − ϕ l k π∕K m for each individual opening, i.e., from ϕ ϕ l k to ϕ ϕ u k [see Figs. 2(b) and 2(c)]. Equation (10) can thus be expressed as
The numerical integration is not directly possible, in general, and can be quite tedious for large values of m and K m . However, the integration can be simplified and made suitable for numerical evaluation by using the Jacobi-Anger expansion [15] . With the substitution φ ϕ − θ, it reads With this and the notation Δφ φ u − φ l we can write
The azimuthal coordinates of the kth opening are φ u k k2π∕K m − θ and φ l k k2π∕K m − π∕K m − θ, and the width of the azimuthal interval is Δφ π∕K m . Summation over all K m openings yields
After back substitution to ϕ we get
From a computational perspective, the final problem that needs to be solved is the infinite number of terms in the sum over index n. As it turns out, the computation can be simplified by limiting the number of terms in the Jacobi-Anger expansion to a finite number. Simulation results not presented here showed that one can approximate the infinite sum over n by a finite sum over n max K m terms:
Remark: In our investigations we calculated the sum for n max ≫ K m and for n max K m . By comparison, we find that this approximation appears to be very precise particularly for small values of r, typically for the coordinates of the central peak and the first sidelobes. For larger values of r, some deviations occur. However, these potentially cancel if K max varies with the ring index m. Hence, although without formal proof, we feel confident that Eq. (24) 
As before, if we look at the focal plane z f r 2 1 ∕2λ, this expression simply becomes
where W m is calculated according to Eq. (24). This is the final result of the analysis: Eq. (26) in combination with Eq. (24) represents a mathematical formulation that lends itself to an efficient numerical evaluation of the aFZP.
SIMULATION RESULTS
The design parameters that can be used for an aFZP are the number of rings M, the number of openings in the innermost ring K 1 , the increase of openings ΔK, and the azimuthal offset ϕ s m. For given M and K 1 , the remaining parameters are ΔK and ϕ s m, which we want to analyze first. This leads to four cases (Table 1) , for which results will be presented below. In the examples below, the increase in K will always be linear. In order to visualize the effects, we begin with a small number of rings, i.e., for M 5. Here, the number of openings increases with m; in the simplest case, we assume a linear increase. In our particular example, it is ΔK 2, again for M 5, K 1 11 [ Fig. 9(a) ]. The amplitude distribution in the focal plane in Fig. 9 (b) shows a reduced, yet still visible, structuring of the sidelobes. Since the element has a less pronounced periodicity in ϕ [see Fig. 9 (c)], the OTF smears out significantly, which is desirable. However, it also shows a strong decay in the azimuthal direction [ Fig. 9(d) ]. This is caused by the relatively large variation of K m from the innermost to the outermost ring.
3. Case 3 (ΔK 0 and ϕ s ≠ 0, Random): Figure 10 (a) shows a structure with a constant number of openings in each ring as in Case 1 (ΔK 0), however, with a variable random azimuthal phase shift. ϕ s varies with the ring index m. Obviously, the random phase leads to a significant reduction of the sidelobes [ Fig. 10(b) ]. The calculated plot shows a virtually diffraction-limited spot, even for the small values of M and K used here. This is remarkable, since the element still exhibits a strong periodicity, as one can tell from the r 2 0 ; ϕ representation [ Fig. 10(c) ] and the corresponding OTF shown in Fig. 10(d) . Note that the OTF is very similar as for Case 1. Yet, due to the random azimuthal phase offset, there are slight differences in both the r 2 0 and the ϕ dependency. Notice, for example, that for the r Of course, it is also possible to combine a variable K m and a variable ϕ s . The results are shown in Fig. 11 . Here, however, the random phase was chosen to be smaller than in Case 3 to show the effect [ Fig. 11(a) ]. The amplitude is of similar quality as in Case 3; however, a weakly modulated sidelobe can be seen in Fig. 11(b) . Due to the increasing number of openings in each ring [see also Fig. 11(c) ], the OTF shows nearly constant side peaks in Fig. 11(d) . Note that in comparison to Fig. 9(d) , the OTF is "smoother" and does not exhibit a significant decay in the azimuthal direction.
In conclusion, we may say that undesired sidelobes that occur for Cases 1 and 2 are reduced by increasing the number of openings K. The influence of K is easily understood: for small values of K as well as for ΔK 0, undesired sidelobes occur around the focus. In particular, if ΔK 0, even for large values of K 1 , these sidelobes are significant. By increasing the values of K and for ΔK > 0, the sidelobes get less pronounced since the distribution of the azimuthal positions is more evenly distributed in the interval 0; 2π and thus the associated phase contributions will tend to cancel out. This becomes very obvious for large values of K and ΔK > 0. This effect can be further enhanced by adding a statistical phase ϕ s m.
B. Influence of M: Large aFZP
The examples shown above were shown for small elements with only five rings in order to make the influence of the various parameters visible. It is obvious that for a large number of rings and a varying number of openings, the phase values generated by the numerous openings in the aFZP will lead to a strong reduction of undesired sidelobes. In Fig. 12 , we show the intensity plots for two aFZPs with relatively large numbers of rings. In both cases, no random phase shift was used in the design, i.e., ϕ s 0. First, in Fig. 12(a) , the plot is shown for the aFZP shown in Fig. 1(c) . This element has M 10 rings, K 1 20 and ΔK 2. For comparison, Fig. 12 (a) also shows the normalized intensity plot for a conventional FZP with the same number of rings (gray curve). One can notice a small, yet significant, difference in the two intensity plots. Finally, in Fig. 12(b) we do the same comparison, however, here for M 50 rings, K 1 10, and ΔK 2. Obviously, here the difference is nearly zero between the focal spot profiles generated by aFZP and conventional FZP.
CONCLUSION
A model to analyze the focusing properties of aFZPs has been presented. The calculation offers two significant simplifications that are useful in order to keep the computational effort at a minimum. The examples presented show that good focal properties can be obtained with an aFZP that, for large values of rings and openings, does not differ significantly from the performance of a conventional FZP. The most significant influence comes from a random azimuthal phase that helps to avoid deterministic interference patterns around the focus. Here, we also pointed out the usefulness of the well-known OTF theory for the analysis of FZPs. The virtue of the OTF concept lies in the possibility to perform the analysis based on the calculation of an autocorrelation, which is relatively easy to carry out for binary structures. We conclude with two further remarks: as an additional degree of freedom, one may use the widths of the zones in order to reduce sidelobes and even obtain a Gaussian focal spot [16] . Finally, as mentioned at the beginning, analysis of the mechanical performance of the different types of zone plate structures is an interesting goal for further investigation.
